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Abstract
We characterise extreme 2-homogeneous polynomials of diagonal form on p with
p > 2 and give a class of examples of smooth points. We describe the unit ball of
P(22p) for both the cases p > 2 and p < 2. We apply the results thus found to study the
geometry of the predual of P(22p) and to show that for p > 2 an extreme 2-homogeneous
polynomial on 2p remains extreme when regarded as a polynomial on p .
 2002 Elsevier Science (USA). All rights reserved.
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0. Introduction
In recent years some work has been done in analysing the geometry of spaces
of polynomials, particularly on real Hilbert spaces [3,8,11]. Since every Hilbert
space is, in fact, a 2 space, it is natural to consider the problem of finding extreme
and smooth 2-homogeneous polynomials on real p spaces. Such a problem has
been attempted, for p = 1, by Choi and Kim [2]. They gave examples of extreme
and smooth polynomials on 1 and also described the unit ball of P(221). We
start with a few examples of extreme and smooth polynomials on p with p > 2.
We then describe the unit ball of P(22p) for both the cases p > 2 and p < 2,
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emphasising the differences that we encounter as p ranges from 1 to ∞. In the
last section we find the smooth points in the unit ball of the predual of P(22p)
and show that for p > 2 an extreme 2-homogeneous polynomial on the two-
dimensional p remains extreme when regarded as a 2-homogeneous polynomial
on p .
We recall that P is an 2-homogeneous polynomial on a normed space X if
there exists a bilinear form B on the product X×X such that P(x)= B(x, x) for
every x in X. We denote by P(2X) the space of all continuous 2-homogeneous
polynomials on X endowed with the natural norm ‖P‖ = sup{|P(x)|: ‖x‖ = 1}
and by Ls(2X) the space of continuous symmetric linear forms on X with the
sup norm. According to the polarization formula [5], for each P there exists a
unique A in Ls (2X) such that P(x) = A(x,x). Since Ls (2X) is the dual of the
symmetric projective tensor product X⊗s X, by renorming, P(2X) becomes its
dual [9]. Denote by x2 the tensor x ⊗ x. If u belongs to X ⊗s X, then u can be













We denote by X ⊗ˆs,π X the complemented tensor product endowed with this
norm. Then P(2X) is the dual space of X ⊗ˆs,π X, the duality being given by
P(u)=∑kj=1 λjP (xj ). The unit ball of X ⊗ˆs,π X is the closed absolutely convex
hull of {x2: x ∈ BX}. If X is finite-dimensional then so is X⊗s X and so its unit
ball is the absolutely convex hull of that set. For more details on polynomials and
symmetric tensor products see [5,7].
A unit vector x in a normed space X is an extreme point of BX if x is not the
midpoint of a nontrivial segment lying in BX . A unit vector x is a smooth point
of BX if there exists exactly one linear functional φ in BX∗ such that φ(x)= 1.
1. Examples of extreme and smooth 2-homogeneous polynomials on p ,
p > 2
We start with an analysis of diagonal polynomials. Let {ai}i be an element of










and, since a˜ = {sign ai |ai |1/(p−2)}i ∈ Bp and P(a˜) =
∑
i |ai |p/(p−2) = 1, we
have ‖P‖ = 1.
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Proposition 1.1. If p > 2 and {ai}i is an element of unit norm in p/(p−2) with
all ai  0 or all ai  0 then the polynomial P(x)=∑i aix2i is an extreme point
of the unit ball of P(2p).
Proof. We are going to prove the result only when all ai  0, which yields easily
the result for the case when all ai  0.





ij xixj with k = 1,2. If we fix a natural number n and let xi = 0 for all





























If we do the same with all the entries from xn−1 down to x2 we obtain
|∑ni=1 a(k)i x2i |  ‖x‖2, and since this happens for every n, we deduce that
Qk(x) =∑i a(k)i x2i is a 2-homogeneous polynomial of unit norm on p. Since
ai = (a(1)i + a(2)i )/2 for all i , we also have P = (Q1 + Q2)/2 which gives
Q1(a˜) =Q2(a˜) = P(a˜)= 1. This yields a(k)i  0 for all i and k = 1,2. Indeed,
















a contradiction. Therefore a(1)i  0 for all i and the same holds for a
(2)
i .
Since |∑i a(k)i x2i | ‖x‖2 for all x in p , we obtain |∑i a(k)i bi | ‖b‖ for all
b ∈ p/2 which yields a(k) = {a(k)i }i ∈ ∗p/2 = p/(p−2) and ‖a(k)‖  1. Thus, in
p/(p−2) we have a = (a(1)+ a(2))/2 and so a = a(1) = a(2).
Therefore Pk(x)=∑i aix2i + 2∑i<j a(k)ij xixj with k = 1,2. Let us show that
a
(k)
ij = 0 for k = 1,2 and all i, j . As before, if we fix a natural number n and
we let xi = 0 for all i > n, replacing, in turn, all the entries from xn down to
x3 by their negatives and applying the triangle inequality n− 2 times, we obtain
|∑ni=1 aix2i + 2a(k)12 x1x2| ‖x‖2 for all x ∈ p . Replacing x2 by −x2 and letting




i ± 2a(k)12 a1/(p−2)1 a1/(p−2)2
∣∣∣∣= ∣∣1± 2a(k)12 a1/(p−2)1 a1/(p−2)2 ∣∣ 1
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2 = 0. If a1 and a2 are nonzero then a(k)12 = 0.
Otherwise, for k = 1,2 we have
















































i  (2+ np)2/p − n2
which, if we let n tend to ∞, yields ∑i3(a(k)1i + a(k)2i ) = 0 and a(k)12  0. But
a
(1)
12 + a(2)12 = 0 and consequently a(1)12 = a(2)12 = 0.
In the same way we obtain a(k)ij = 0 for all i = j and k = 1,2. Thus P1(x)=
P2(x)=∑i aix2i = P(x), which shows that P is extreme. ✷
Note that the previous proposition shows that the polynomial x → x21 is
extreme. Indeed, this can be obtained when a1 = 1 and ai = 0 for i  2. This
is one of the striking differences that we encounter when we move away from the
2 spaces (where this polynomial is far from being extreme) to the p spaces with
p > 2.
The technique used in the previous proposition will give us the following
Corollary 1.2. Let p > 2. If I and J are disjoint sets of natural numbers,
{ai}i∈I ∈ p/(p−2)(I ) and {bj }j∈J ∈ p/(p−2)(J ) with all ai and bj positive,∑
i∈I a
p/(p−2)




j = 1, then the polynomial P(x) =∑
i∈I aix2i −
∑
j∈J bjx2j is an extreme point of the unit ball of P(2p).
Proof. Suppose P = (P1 + P2)/2 with ‖Pk‖ 1 with k = 1,2. The polynomial
x → ∑i∈I aix2i is extreme, thus P1(x) = P2(x) = ∑i∈I aix2i for all x ∈
p/(p−2)(I ). Likewise, we obtain P1(x) = P2(x) = −∑j∈J bjx2j for all x ∈
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Let us show that the mixed terms must be zero. Since |Pk(∑i na1/(p−2)i ei±ej )|








i − bj  (np + 1)2/p − n2











j = 0 for
all i ∈ I .




















for all i ∈ I . Thus a(k)ij0 b
1/(p−2)
j0
= 0, hence a(k)ij0 = 0 for all i ∈ I . If ai0 = bj0 = 0





i ei ± y
)∣∣∣∣ (np + 1)2/p
for every element of unit norm y ∈ span{ei0, ej0}. As above, letting n→∞ this
yields
∑
i =i0 Ak(ei , y) = 0 and then Pk(y)  0. Since P1(y) + P2(y) = 2P(y)= 0, we obtain P1(y)= P2(y)= 0.












which shows that P is extreme. ✷
Let us note that the corollary shows that the polynomial x → x2i − x2j is
extreme. Indeed, it is enough to take I = {i} and J = {j }, with ai = 1 and bj = 1.
The next result shows that the polynomials described in the corollary are the
only extreme polynomials that have diagonal form.
Proposition 1.3. Let p > 2. A 2-homogeneous polynomial P(x)=∑i λix2i is an
extreme point of the unit ball of P(2p) if and only if there exist two disjoint
set of natural numbers, I and J , and two positive sequences of unit norm,
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Proof. Let I = {i ∈N: λi  0} and J = {i ∈ N: λi < 0}. We put λi = ai if i ∈ I









j  1. We want to show that
a is extreme the unit ball of p/(p−2)(I ). Suppose a = (a(1) + a(2))/2 with














It is easy to see that ‖Pk‖  1 and P = (P1 + P2)/2 and so P = P1 = P2.
Thus a = a(1) = a(2) and so a is extreme in the unit ball of p/(p−2)(I ). Hence∑
i∈I a
p/(p−2)




j = 1. ✷
Let us give now some example of smooth polynomials that attain their norms
at basis elements. If q > 0 satisfies 1/p+ 1/q = 1 then p > 2 > q and, according
to a theorem of Pitt, every operator from p to q is compact. Thus the space
p ⊗ˆπ p is reflexive [4] and so is its subspace p ⊗ˆπ,s p . Thus P(2p)∗ =
p ⊗ˆπ,s p . We say that a polynomial P on p strongly attains its norm if there
exists a point x0 such that every sequence {xn} ∈ Sp such that |P(xn)| → ‖P‖
has a subsequence that converges strongly to x0 or −x0. According to a result of
Ferrera [6], the fact that a polynomial strongly attains its norm at x0 is equivalent
to the Fréchet differentiability of the norm at x0. Using these facts we can prove
Proposition 1.4. Let p > 2 and P be a 2-homogeneous polynomial on p such
that P(x) = x21 + Q(y) where every x in p is written x = x1e1 + y with
y ∈ Y = span{e2, e3, . . .} and Q is the restriction of P to Y . Then P is smooth
if and only if ‖Q‖< 1.
Proof. Suppose that P is smooth. Since P(e1)= 1, the element e1 ⊗ e1 exposes
P and, if y ∈ Y , then |Q(y)| = |P(y)| = |(y ⊗ y)(P )| < 1. Since A(y, e1) =
(T y, e1)= 0 we get Ty ∈ span{f2, f3, . . .} =Z, where {fn}n is the standard basis
of q and T : p → q is given by A(y, z)= (T y, z) for all y , z in p . If S denotes
the restriction of T to Y, since Y is isometric to p and Z is isomorphic to q, the
operator S is compact and so Q attains its norm on BY . Thus ‖Q‖< 1.
Conversely, let us show that P strongly attains its norm. Let {xn} ∈ p such
that |P(xn)| → 1. If xn = xn1 + yn with yn ∈ Y then P(xn) = x2n1 + Q(yn) 
Q(yn) >−1, hence P(xn)→ 1. But
P(xn)= x2n1 +Q(yn) x2n1  1
and so |xn1| → 1 and ‖yn‖ = (1− |xn1|p)1/p → 0. Without loss of generality we
can assume that {xn1} has one subsequence {xnk1} converging to 1. Then
‖xnk − e1‖p = |xnk1 − 1|p + ‖ynk‖p → 0,
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hence xnk → e1. Thus P attains its norm strongly at e1 and so the norm of P(22p)
is Fréchet differentiable at P . Consequently, P is smooth. ✷
2. The unit ball of P(22p), p > 2
Let P be a 2-homogeneous polynomial of unit norm on 2p and {e1, e2}
the standard basis of 2p. It is clear that |P(e1)|  1 and |P(e2)|  1. Since
P(x)= P(e1)x21 + 2A(e1, e2)x1x2 + P(e2)x22 and, according to the polarization
formula, |A(e1, e2)|  22/p−1, we can write P(x) = ax21 + 2bx1x2 + cx22 with
|a|, |c| 1 and |b| 22/p−1.
According to Corollary 1.2, the polynomials x → x21 and x → x22 are extreme.
Let us show that x → 22/px1x2 is also extreme and thus P(22p) will have an
(algebraic) basis of unit vectors that are also extreme points of its unit ball.
Suppose that 22/px1x2 = (P1(x) + P2(x))/2 for all x ∈ 2p , with ‖Pk‖  1
for k = 1,2. Say Pk(x) = akx21 + 2bkx1x2 + ckx22 . Then (b1 + b2)/2 = 22/p−1
and since both b1, b2  22/p−1, we obtain b1 = b2 = 22/p−1. We also have
a1 + a2 = c1 + c2 = 0. Since Pk(2−1/p,±2−1/p) = (ak + ck)2−2/p ± 1, we
get ak + ck = 0. Thus Pk(x) = ak(x21 − x22 ) + 22/px1x2. Such a polynomial
has norm 1 if and only if ak = 0. For ε in a neighbourhood of 0, consider
f (ε)= Pk((1/2− ε)1/p, (1/2+ ε)1/p). Since f (0)= 1 and |f (ε)| 1 for all ε,
we have f ′(0) = 0. This yields ak = 0. Hence ck = 0 and so Pk(x) = 22/px1x2
which shows that x → 22/px1x2 is extreme.
Proposition 1.3 gives
Proposition 2.1. Let p > 2. A 2-homogeneous polynomial P(x) = ax21 + cx22 is
an extreme point of P(22p) if and only if ac 0 and |a|p/(p−2)+ |c|p/(p−2) = 1
or ac < 0 and P(x)=±(x21 − x22).
We are trying now to describe the intersection of the unit ball with the subspace
spanned by the extreme polynomials x → x21−x22 and x → 22/px1x2. Say P(x)=
a(x21 −x22 )+2bx1x2 and ‖P‖ = 1. It is easy to see that P(−x2, x1)=−P(x1, x2)
and so the polynomial attains its norm with both the values 1 and −1.
(i) a, b  0. If P(α,β) = 1, then we can consider α  β  0. Indeed, if
αβ  0 then P(α,β) a(α2 − β2) < 1 unless a = α = 1, which only happens if
P(x)= x21 − x22 . Thus we need αβ > 0 and since P(−x)= P(x), we can work
with α,β > 0. If α < β then P(α,β) < 2bαβ < 1, hence α  β  0.
Since αp + βp = 1 and P(α,β) = 1, according to the Lagrange multipliers
theorem, there exits a number λ such that (∂P/∂x1)(α,β) = λpαp−1 and
(∂P/∂x2)(α,β)= λpβp−1, which give
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a = α
p − βp
α2 + β2 , b =
2αβ(αp−2 + βp−2)
22/p(α2 + β2) .
All these will help us prove
Proposition 2.2. Let p > 2 and α  β  0 with αp + βp = 1. The polynomial
P(x)= a(x21 −x22)+2bx1x2, with a = (αp−βp)/(α2+β2) and b= αβ(αp−2+
βp−2)/(α2+β2), has norm one and is an extreme point of the unit ball of P(22p).
Furthermore, ±(α,β) are the only points where P takes the value 1.
Proof. Obviously, P(α,β)= 1. Let us prove that ‖P‖ = 1. We can write
a = α
p − βp
α2 + β2 = α
p−2 − βp−2 − α
p−2β2 − βp−2α2
α2 + β2 .
Therefore
P(x)= αp−2x21 + βp−2x22 −
(αp−2 + βp−2)(αx2 − βx1)2
α2 + β2
 αp−2x21 + βp−2x22

(
(αp−2)p/(p−2)+ (βp−2)p/(p−2))(p−2)/p((x21)p/2 + (x22)p/2)2/p
= 1.
As we have already seen, −P(x1, x2) = P(−x2, x1)  1, which, combined
with the inequality above, shows that ‖P‖ = 1. Furthermore, P(x) = 1 implies
αp−2x21 + βp−2x22 = 1 and αx2 − βx1 = 0 which yield x1 =±α and x2 =±β .
Let us show now that P is an extreme point. Suppose P = (P1 + P2)/2 with
Pk(x) = akx21 + 2bkx1x2 + ckx22 and ‖Pk‖  1 for k = 1,2. Since P(α,β) = 1
and P(−β,α)=−1, the same can be said for Pk . Thus
akα
2 + 2bkαβ + ckβ2 = 1,
akβ
2 − 2bkαβ + ckα2 =−1,
and adding we get (ak + ck)(α2 + β2) = 0 which yields ak + ck = 0. Hence
Pk(x) = ak(x21 − x22 )+ 2bkx1x2 are polynomials of norm 1 with Pk(α,β) = 1.
Consequently, (α,β) must satisfy the Lagrange multiplier equations for Pk . Thus,
as in the remarks preceding the proposition, we obtain ak = a and bk = b, hence
Pk = P for k = 1,2 and so P is extreme. ✷
Using the symmetry of the unit ball of P(22p), let us see now what happens in
the other three cases with polynomials of the form P(x)= a(x21 − x22 )+ 2bx1x2.
(ii) If a  0 and b  0 then we are in the situation described in the previous
proposition if the coordinates x1 and x2 are swapped. This time P(α,β)= 1 with
β  α  0 and αp + βp = 1. We obtain the same formula for a and b.
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(iii) If a  0 and b 0 then −P is a polynomial of “type (ii)” and so
a =−α
p − βp
α2 + β2 , b=−αβ
αp−2 + βp−2
α2 + β2
with β  α  0. We have −P(α,β)= 1 and so P(−β,α)= 1.
(iv) If a, b 0 then−P is a polynomial of “type (i)” and a and b have the same
expressions as in the third case, but this time α  β  0. Again P(−β,α)= 1.
In each of the three cases above, a line by line transcription of the proof of
Proposition 2.2 gives that the polynomials described are extreme points of the
unit ball of P(22p). We can thus state
Proposition 2.3. Let p > 2 and α,β  0 such that αp + βp = 1 and
a = α
p − βp
α2 + β2 , b= αβ
αp−2 + βp−2
α2 + β2 .
The polynomials ±P , where P(x)= a(x21 − x22)+ 2bx1x2, are extreme points of
the unit ball of P(22p) with P(α,β)=−P(−β,α)= 1.
It is easy to see now that the unit sphere contains a collection of line segments.
For instance, if α,β  0 with αp + βp = 1, we have a norm one polynomial of
the form a(x21 − x22 )+ 2bx1x2 that takes the value 1 at (α,β). The same can be
said about the polynomial x → αp−2x21 + βp−2x22 . Thus the line segment thatjoins these two points is part of the unit sphere. We want to show that such line
segments cover the whole of the unit sphere.
Proposition 2.4. Let p > 2 and P be a polynomial of unit norm in P(22p). There
exist two extreme polynomials of unit norm, P1(x)= a1(x21 − x22)+ 2b1x1x2 and
P2(x)= a2x21 + c2x22 , with a2c2  0, such that P lies on the line segment joining
P1 and P2.
Proof. Say P(x)= ax21 + 2bx1x2 + cx22 . Let us analyse the case b= 0 first.
(i) If ac > 0 then P = P2.
(ii) If ac  0 then one of them must have absolute value 1 (otherwise
the polynomial would not have norm 1). Say a = −1 and 0  c < 1. Take
P1(x) = −x21 + x22 and P2(x) = −x21 with µ = c and λ = 1 − c. It is clear that
P = µP1 + λP2.
If a + c= 0 then P = P1 is an extreme polynomial.
Therefore we can assume that b = 0 and a + c = 0.
(i) b > 0, a + c > 0. Then P attains its norm with the value 1. Indeed, assume
P(x1, x2)=−1. Then P(x1, x2)+P(−x2, x1)= (a+ c)(x21 + x22) 0, a contra-
diction. Therefore, there exists (α,β) ∈ B2p such that P(α,β) = 1. Since b = 0,
we have |ax21 + cx22 |< 1 for all (x1, x2) ∈ B2p and thus 2bαβ > 0 which yields
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αβ > 0. Without loss of generality we can work with α > 0 and β > 0. We want






)+ 2αβ αp−2 + βp−2




αβ(αp−2 + βp−2) , λ=
a + c
αp−2 + βp−2 .
They are both positive. We also have
λ+µ= 2αβ(a + c)+ 2b(α
2 + β2)
2αβ(αp−2 + βp−2) = 1,
since α and β satisfy the Lagrange multipliers equations:
2aα+ 2bβ = 2αp−1, 2bα+ 2cβ = 2βp−1,
and it is easily seen that P = µP1 + λP2.
The other three cases, (b < 0, a + c > 0), (b > 0, a + c < 0) and (b < 0,
a + c < 0), are dealt with in a similar way. ✷
Putting together all the results, we obtain a characterisation of the extreme
points of the unit ball of P(22p).
Theorem 2.5. Let p > 2. A 2-homogeneous polynomial of unit norm P(x) =
ax21 + 2bx1x2 + cx22 is an extreme point of the unit ball of P(22p) if and only if
(i) a + c= 0, or
(ii) b = 0 and ac 0 with |a|p/(p−2)+ |c|p/(p−2) = 1.
Proof. From Proposition 2.1 it is clear that in the case (ii) the polynomial is
extreme. If a + c= 0 then Proposition 2.3 states that the polynomial is extreme.
Conversely, if a polynomial is extreme then we have two possibilities. If b = 0
then, according to the Proposition 2.1, the polynomial is extreme if and only if
ac  0 with |a|p/(p−2) + |c|p/(p−2) = 1 or P(x) = ±(x21 − x22), in which case
a + c = 0. If b = 0 then the proof of Proposition 2.4 shows that a + c must
necessarily be 0. ✷
The analysis carried out so far gives us a characterisation of the smooth points.
Proposition 2.6. Let p > 2. A 2-homogeneous polynomial of unit norm P(x)=
ax21 + 2bx1x2 + cx22 is a smooth point of the unit ball of P(22p) if and only if
a + c = 0.
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Proof. Since P(22p) is a reflexive space and (x ⊗ x)(P )= P(x), a polynomial
P is a smooth point of the unit ball of P(22p) if and only if there exist just one
point x0 such that |P(±x0)| = 1.
If a + c = 0 then P(x1, x2)=−P(−x2, x1) and so the polynomial attains its
norm with both the values 1 and −1 at two linearly independent vectors which
give two distinct functionals that expose the polynomial. Thus P is not smooth.
Conversely, if a + c = 0 then P = µP1 + λP2 as in Proposition 2.4. Thus
P(x0)=±1 yields P2(x0)=±1. But polynomials of the form that P2 has attain
their norm only at one point (and its negative, of course). Thus there exists just
one point x0 such that |P(±x0)| = 1 hence P is smooth. ✷
Corollary 2.7. The unit sphere of P(22p) is the union of its extreme and smooth
points. The only polynomials that are extreme and smooth at the same time are
x → ax21 + cx22 with ac 0 and |a|p/(p−2)+ |c|p/(p−2)= 1.
3. The unit ball of P(22p), p < 2
Let us start with the observation that x →∑i ±x2i is a bounded 2-homoge-
neous polynomial on p , p < 2, unlike in the case p > 2. Indeed, |∑i ±x2i | ∑
i |xi |p = 1 for all unit vectors x in p . Another difference from the case p > 2
is that not every 2-homogeneous polynomial attains its norm, a simple example
being x →∑i (1− 1/i)x2i . Also the polynomials x → x2i are no longer extreme.
For instance, x → x21 is the midpoint of x → x21 − x22 and x → x21 + x22 .
Let us concentrate now on the two-dimensional p , p < 2. As for p > 2, every
2-homogeneous polynomial of unit norm can be written P(x)= ax21 + 2bx1x2 +
cx22 with |a|, |c| 1 and |b| 22/p−1, with various restrictions on the coefficients
a, b, c.
We know that on the two-dimensional 1 the polynomials x → x21 ± x22 are
not extreme since they are the midpoints of x → x21 − 2x1x2 ± x22 and x →
x21 + 2x1x2 ± x22 , both of them having norm one. When p > 1 the situation
changes.
Proposition 3.1. If 1 <p < 2 then the 2-homogeneous polynomials x → x21 ± x22
are extreme points of the unit ball of P(22p).
Proof. Suppose that x21 ± x22 = (P1(x)+ P2(x))/2, with ‖Pk‖ 1, k = 1,2, for
all x in 2p . Say Pk(x) = akx21 + 2bkx1x2 + ckx22 . It follows immediately that
a1 = a2 = 1 and c1 = c2 =±1. It remains to show that b1 = b2 = 0.
In the expression for Pk let us take x1 = (1 − εp)1/p and x2 = ε, with
0 ε  1. It is clear that |x1|p + |x2|p = 1. Let us associate the function
fk(ε)= (1− εp)2/p + 2bk(1− εp)1/pε± ε2
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with Pk . Thus |fk(ε)| 1 for all ε and fk(0)= 1. We have
f ′k(ε)=−2εp−1(1− εp)2/p−1 − 2bk(1− εp)1/p−1εp
+ 2bk(1− εp)1/p + 2ε.
Since 0 is a maximum point for fk and fk is differentiable at 0, we must have
limε→0+ f ′k(ε)= 0. Thus bk = 0. Therefore P1(x)= P2(x)= x21 ± x22 . ✷
Corollary 3.2. Let 1 <p < 2. If εi ∈ {−1,1} then the 2-homogeneous polynomial
P(x)=∑i εix2i is an extreme point of the unit ball of P(2p).
Proof. Suppose that P = (P1 + P2)/2 with ‖Pk‖  1 for k = 1,2. Then 2εi =
P1(ei)+ P2(ei), hence P1(ei) = P2(ei) = εi . Then it follows from the previous
proposition that P1 = P2 = P on every two-dimensional subspace of p which
shows that A1(ei, ej ) = A2(ei , ej ) = 0 for all i = j and therefore P1(x) =
P2(x)=∑i εix2i = P(x). Therefore P is an extreme point. ✷
As in the case p > 2 it can be shown that the polynomial x → 22/px1x2 is also
extreme and thusP(22p) has a basis that consists of extreme polynomials (the one
above and x → x21 ± x22 ). We shall describe the unit ball of P(22p) investigating
the two-dimensional subspaces spanned by elements of this basis.
If we work with polynomials of the form P(x)= a(x21 − x22)+ 2bx1x2, as in
Propositions 2.2 and 2.3 in the case p > 2 we have the following
Proposition 3.3. Let 1 <p < 2 and α,β  0 with αp + βp = 1. The polynomials
±P , with P(x) = a(x21 − x22) + 2bx1x2, where a = (αp − βp)/(α2 + β2) and
b = (αp−1β + αβp−1)/(α2 + β2), have norm one and are extreme points of the
unit ball of P(22p). Furthermore, ±(α,β) are the only points where P takes the
value 1 and ±(−β,α) are the only points where P takes the value −1.
Proof. It is clear that P(α,β) = 1. Let us show now that ‖P‖ = 1 (the proof
given in the case p > 2 is no longer valid). Let x = (x1, x2) be a unit vector in 2p.
We have
P(x)= 2(αx1 + βx2)(α
p−1x1 + βp−1x2)− (αp + βp)(x21 + x22)
α2 + β2

2(αx1 + βx2)− (x21 + x22)
α2 + β2

2(α2 + β2)1/2(x21 + x22)1/2 − (x21 + x22 )
α2 + β2  1,
the equality being obtained for x1 = α, x2 = β.
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Therefore P(x)  1 for all unit vectors x in 2p and since P(−x2, x1) =
−P(x1, x2), we obtain ‖P‖ = 1. To prove that P is extreme we can transcribe
word for word the corresponding part of the proof of Proposition 2.2. ✷
Let us now turn our attention to polynomials of the form P(x)= a(x21 + x22)+
2bx1x2. Suppose for the moment that a, b  0. It is then clear that P attains its
norm with value 1 and P(α,β)= 1 implies α,β  0. Such polynomials, although
they might take negative values, never attain their norm with the value −1.
Since αp + βp = 1 and P(α,β) = 1, according to the Lagrange multipliers
theorem, there exits a number λ such that (∂P/∂x1)(α,β) = λpαp−1 and
(∂P/∂x2)(α,β)= λpβp−1 and so
a = α
p − βp
α2 − β2 , b=
αβp−1 − αp−1β
α2 − β2 .
A natural question to ask is what happens to the values above if α and β tend to




α2 − β2 = limα→β
pαp−1
2α




α2 − β2 = limα→β
βp−1 + (1− p)αp−2β
2α
which takes the value 22/p−2(2− p) when α = 2−1/p. Nevertheless, in this case
the Lagrange multipliers equations are, in fact, just one: a+ b= 22/p−1, and so a
and b are no longer uniquely defined. Let us analyse for the moment just the case
α = β .
Proposition 3.4. Let 1 < p < 2 and α,β  0 with αp + βp = 1 and α = β . The
polynomial P(x) = a(x21 + x22) + 2bx1x2 with a = (αp − βp)/(α2 − β2) and
b = (αβp−1 − αp−1β)/(α2 − β2) has norm one and is an extreme point of the
unit ball of P(22p). The only points where P attains the value 1 are (α,β) and
(β,α).
Proof. Obviously P(α,β) = 1. The difficult part is to show that ‖P‖ = 1. The
fact of being extreme will follow then easily. Say that P attains its norm at
(x1, x2). Since a, b > 0, we have x1, x2 > 0 (one of them being zero yields
P(x) = a  1). This point must satisfy the Lagrange multipliers equations,
2ax1 + 2bx2 = λxp−11 and 2ax2 + 2bx1 = λxp−12 , which give
ax1 + bx2
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Denoting x1/x2 by t we obtain
at + b = tp−1(a + bt).
We want to show that this equality holds only when t = 1, t = α/β and t = β/α.
Note that if t satisfies the equality then so does 1/t and so it is enough to analyse
what happens for 0 < t < 1. Let us assume for the moment that β < α. Thus we
want to show that the equality holds only at 1 and β/α.
Let us consider h(t) = btp + atp−1 − at − b. It is easy to see that h(1) = 0
and also h(α/β)= h(β/α)= 0 (since (α,β) and (β,α) both satisfy the Lagrange
multipliers equations). We have
h′(t)= ptp−1b+ (p− 1)tp−2a − a
and
h′′(t)= p(p − 1)tp−2b+ (p− 1)(p− 2)tp−3a
= tp−3(p− 1)(bpt + (p− 2)a).
Since h(β/α) = h(1), by Rolle’s theorem, h′ must vanish at a point t1 inside
(β/α,1). If t0 = (2 − p)a/bp < 1 then h′′(t0) = 0 and h′′ is positive on (0, t0)
and negative on (t0,1). Thus h′ decreases to the value it takes at t0 and then it
increases to h′(1)= pb+ (p− 2)a > 0. We have
h′(t0)= pb (2− p)
p−1ap−1
pp−1bp−1
















since p − 2 < 0. Therefore h′ is positive on (0,1) which contradicts the fact
that h′(t1) = 0. Consequently, we must have (2 − p)a/bp > 1. In that case h′′
is negative on (0,1) and h′ is decreasing and so it vanishes only once, at t1, is
positive on (0, t1) and negative on (t1,1). Thus h is increasing on (0, t1) and
decreasing on (t1,1) and so it only vanishes at β/α on the interval (0, t1) and not
at all on (t1,1) since h(t1) > 0 and h(1)= 0.
Therefore the function h vanishes only at β/α, 1 and α/β . Thus the only
points that satisfy the Lagrange multipliers equations for P are (α,β), (β,α)
and (2−1/p,2−1/p) which corresponds to x1 = x2, the equivalent of t = 1. Since










α + β .
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We will use again the Lagrange multipliers method to find the extreme values of
(αp−1 + βp−1)/(α + β) when αp + βp = 1. We have
(p− 1)αp−2(α+ β)− (αp−1 + βp−1)
(α + β)2 = λpα
p−1,
(p− 1)βp−2(α + β)− (αp−1 + βp−1)
(α + β)2 = λpβ
p−1
which, if we put t = β/α, give, by division,
(p− 1)tp − t2p−2 = (p− 1)tp−2 − 1.
It is routine to see that t = 1 is the only solution of the equation, which means that






which, added to what has been obtained before, shows that ‖P‖ = 1.
This analysis also shows that the only points where P takes the value 1 are
(α,β) and (β,α).
Let us now show that the polynomial P is extreme. Suppose that P = (P1 +
P2)/2 with ‖Pk‖  1 and Pk(x) = akx21 + 2bkx1x2 + ckx22 for k = 1,2. As
P(α,β)= P(β,α)= 1, the same thing can be said about Pk . Thus
akα
2 + 2bkαβ + ckβ2 = akβ2 + 2bkαβ + ckα2 = 1
and so (ak − ck)(α2 − β2) = 0. Hence ak = ck since α = β . Thus Pk(x) =
ak(x
2
1 + x22) + 2bkx1x2 and Pk(α,β) = 1. This means that (α,β) satisfies the
Lagrange multipliers equations for Pk . Thus
2akα + 2bkβ = λpαp−1,
2akβ + 2bkα = λpβp−1
which give ak = (αp − βp)/(α2 − β2) = a and bk = (αβp−1 − αp−1β)/(α2 −
β2)= b and shows that P1 = P2 = P . Hence P is an extreme point of P(22p). ✷
It remains to see what happens when α = β = 2−1/p, the limit case of the
previous result.
Proposition 3.5. Let 1 < p < 2. The 2-homogeneous polynomial P(x) =
22/p−2p(x21 + x22) + 22/p−1(2 − p)x1x2 has norm one and is an extreme point
of the unit ball of P(22p). The only point at which P takes the value 1 is
(2−1/p,2−1/p).
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Proof. Being the limit of polynomials of unit norm, P will also have unit norm.
However, this can also be proved directly. Indeed,
|P(x)| p22/p−2(x21 + x22)+ 22/p−2(2− p)(x21 + x22)
= 22/p−1(x21 + x22) 22/p−1(|x1|p + |x2|p)2/p21−2/p = 1
which also shows that P can take the value 1 only when x1 = x2 = 2−1/p.
Let us show that P is extreme. Suppose P = (P1 + P2)/2 with ‖Pk‖  1 and
Pk(x) = akx21 + 2bkx1x2 + ckx22 for k = 1,2. Clearly Pk(2−1/p,2−1/p) = 1
and so (2−1/p,2−1/p) satisfies the Lagrange multipliers equations for Pk . Thus
2−1/pak + 2−1/pbk = 21/p−1 and 2−1/pbk + 2−1/pck = 21/p−1 which shows
that ak = ck and ak + bk = 22/p−1. Unlike the case α = β, we have just one
relation following from the Lagrange multipliers equations and so the proof of the
previous proposition no longer works. However, we know that a1+a2 = 22/p−1p




(1/2− t)1/p, (1/2+ t)1/p)
= ak
(
(1/2− t)2/p + (1/2+ t)2/p)+ 2bk(1/4− t2)1/p.
It is clear that fk(0)= 1 and fk(t) 1 in a neighbourhood of 0. Thus f ′k(0)= 0
and f ′′k (0) 0. The latter inequality gives (2− p)ak − pbk  0. But ak + bk =
22/p−1 and thus we obtain 2ak  22/p−1p, hence ak  22/p−2p. Then a1 + a2 =
22/p−1p yields a1 = a2 = 22/p−2p and consequently b1 = b2 = 22/p−2(2 − p).
Hence P1 = P2 = P which shows that P is extreme. ✷
Remark 3.6. From now on we will assume that the polynomial P(x)= 22/p−2×
p(x21 + x22) + 22/p−1(2 − p)x1x2 is also a polynomial of the form described
in Proposition 3.4 and its coefficients are obtained as limits for both α and β
approaching 2−1/p. Let us note that 22/p−1p is the minimum of (αp−βp)/(α2−
β2) and 22/p−1(2 − p) is the maximum of (αβp−1 − αp−1β)/(α2 − β2) as
αp + βp = 1.
Thus if we work with a polynomial P(x) = a(x21 + x22 ) + 2bx1x2 and a >
22/p−2p, we necessarily have that P takes the value 1 at a point (α,β) with
α = β . Indeed, if we assume that P(2−1/p,2−1/p) = 1 then, as in the proof of
the previous proposition, we need a  22/p−2p, a contradiction. What happens if
0 < a < 22/p−2p? Then P takes the value 1 at (2−1/p,2−1/p), because otherwise
a = (αp − βp)/(α2 − β2) with α = β , thus a  22/p−2, a contradiction. Then
the Lagrange multipliers equations give just one relation, 2−1/pa + 2−1/pb =
21/p−1. Since a < 22/p−2p, there exists 0 < λ< 1 such that a = λ22/p−2p. Then
b = 22/p−1 − 22/p−1λp and thus
P(x)= λ(22/p−2p(x21 + x22)+ 22/p−1(2− p)x1x2)+ (1− λ)22/px1x2
and so the polynomial is not extreme.
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Let us see now what happens if we work with a > 0 and b  0. Then
P(x) > 2bx1x2 −1 and again P attains its norm with value 1 and this happens
at a point (x1, x2) with x1x2  0. Thus the norm one polynomial P(x)= a(x21 +
x22)− 2bx1x2 will attain its norm with value 1 at a point (α,β) with α,β > 0 and
so a and −b will have the same expressions as in the previous two propositions.
Now a < 0, b  0 will give a negative of a polynomial of the previous type
while a  0, b  0 give the negative of a polynomial of the type described in
the previous two propositions. Putting all these together we obtain another class
of extreme polynomials.
Proposition 3.7. Let 1 < p < 2 and α,β  0 with αp + βp = 1. The 2-homo-
geneous polynomials ±P with P(x) = a(x21 + x22) ± 2bx1x2 with a = (αp −
βp)/(α2 − β2) and b = (αβp−1 − αp−1β)/(α2 − β2) have norm one and are
extreme points of P(22p). The polynomial P takes the value 1 only at the points
±(α,±β).
So far we have obtained two classes of extreme polynomials. In the same vein
with Proposition 2.4 we have
Proposition 3.8. Let 1 < p < 2 and P be a polynomial of unit norm in P(22p).
There exist two polynomials of unit norm, P1(x) = a1(x21 − x22 )+ 2b1x1x2 and
P2(x)= a2(x21 + x22)+ 2b2x1x2, such that P lies on the line segment joining P1
and P2.
We are able now to characterise the extreme points of BP(22p).
Theorem 3.9. Let 1 <p < 2. A 2-homogeneous polynomial of unit norm P(x)=
ax21 + 2bx1x2 + cx22 is an extreme point of the unit ball of P(22p) if and only if
a + c= 0 or a = c 22/p−2p.
Proof. Proposition 3.3 shows that polynomials of unit norm with a + c = 0 are
extreme while Proposition 3.7 and Remark 3.6 show the second assertion also
holds.
Conversely, if for the polynomial P we have a + c = 0 and a = c then
P = λP1 + µP2 as in the proof of Proposition 3.8 with λ,µ > 0 with λ+ µ= 1
and so the polynomial is not extreme. We have also seen (Remark 3.6) that
0 < a = c < 22/p−2p does not give an extreme polynomial. ✷
Proposition 3.10. Let 1 < p < 2. A 2-homogeneous polynomial of unit norm
P(x) = ax21 + 2bx1x2 + cx22 is a smooth point of the unit ball of P(22p) if and
only if both of the following conditions are satisfied:
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(i) a + c = 0,
(ii) a = c or a = c 22/p−2p.
Proof. Since P(22p) is a reflexive space, a polynomial P is a smooth point of
the unit ball of P(22p) if and only if there exist just one point x0 such that
|P(±x0)| = 1.
If a + c = 0 then P(x1, x2)=−P(−x2, x1) and so the polynomial attains its
norm with both the values 1 and −1 at two linearly independent vectors which
give two distinct functionals that expose the polynomial. If a = c 22/p−2p then
P(x1, x2) = P(x2, x1) and the norm is attained at a point with x1 = x2 and so
(x1, x2) and (x2, x1) provide two distinct functionals that expose P .
Conversely, if a = c  22/p−2p and a + c > 0 then 0 < a  22/p−2 and P
attains its norm with value 1 and, according to remark, the value 1 is attained
only at ±(2−1/p,2−1/p) if b > 0 and ±(2−1/p,−21/p) if b < 0. Thus there exists
just one point x0 such that |P(±x0)| = 1, hence P is smooth. The same is true if
a + c < 0, in this case the norm being attained with value −1. ✷
Corollary 3.11. The unit sphere of P(22p) with 1 < p < 2 is the union of its
extreme and smooth points. The only polynomials that are extreme and smooth at
the same time are x → ±(22/p−2p(x21 + x22)± 22/p−1(2− p)x1x2).
4. Applications
It is a well known fact that the norming functional of a smooth point is an
extreme point of the unit ball in the dual space. Since P(22p) is the dual of
2p ⊗π,s 2p and we know what the extreme points of BP(22p) are, we can find
the smooth points of the unit ball of 2p ⊗π,s 2p . Note that the extreme points of
B2p⊗π,s2p are x
2 with x in the unit sphere of 2p . In fact, since p is reflexive (and
so it possesses both the Radon Nikodym and the approximation properties), the
extreme points of Bp⊗π,sp are x2 with x in the unit sphere of p [1,10].
Let u ∈ B2p⊗π,s2p . There exist scalars λk with
∑n
k=1 |λk| = 1 and unit vectors
yk in 2p such that u =
∑n
k=1 λky2k . If P is the polynomial that norms u then∑n
k=1 λkP (yk) = 1 which yields P(yk) = signλk . If we want u to be smooth
then P must be extreme and so it attains its norm at no more than two points.
Thus a smooth point is an absolutely convex combination of at most two terms.
Let p > 2. If u = ±x2 then u can not be smooth since there are many
polynomials of unit norm that take the value 1 at x . Hence every representation
of a smooth point contains at least two terms and its norming functional is a
polynomial P(x)= a(x21 −x22)+2bx1x2. We know that there exists y1 = (α,β) ∈
2p such that P(α,β)= 1 and P(−β,α)=−1. These (and their negatives) are the
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only points of norm attainment for P . Thus, if y2 = (−β,α) then u= λy21 −µy22 ,
where λ and µ are positive numbers with λ+µ= 1.
Conversely, such a vector u is a smooth point. Indeed, if Q(x) = ax21 +
2bx1x2 + cx22 is a polynomial that norms u then Q(y1) = 1 and Q(y2) = −1.
Thus Q(y1)+Q(y2)= 0, hence, a+ c= 0 and Q(x)= a(x21 − x22)+ 2bx1x2. As
in the remarks preceding Proposition 2.3, Q(α,β)= 1 determines uniquely a and
b and so Q is uniquely determined and u is a smooth point. Therefore we have
Proposition 4.1. Let p > 2. A tensor u is a smooth point of the unit ball of
2p ⊗π,s 2p if and only if u = λy21 − µy22 , where y1 = (α,β) and y2 = (−β,α)
with |α|p + |β|p = 1, and λ, µ are positive numbers with λ+µ= 1.
Note that α = 1, β = 0 give u= λe21 −µe22, for which the norming functional
is the 2-homogeneous polynomial x → x21 − x22 .
When 1 < p < 2, as for p > 2, a smooth point is an absolutely convex
combination of two terms, its norming functional being an extreme polynomial
but ±P with P(x)= 22/p−2(x21 + x22)± 22/p−1(2− p)x1x2 (since these are the
only extreme polynomials that do not attain their norm at two linearly independent
unit vectors).
If the norming functional of u is P(x)= a(x21 − x22)+ 2bx1x2 then u= λy21 −
µy22 with λ and µ positive numbers with λ+µ= 1 and y1 = (α,β), y2 = (−β,α)
where |α|p+|β|p = 1. Conversely, such a tensor u is a smooth point of B2p⊗π,s2p .
If u is normed by P(x)= a(x21 + x22)+ 2bx1x2 with |a|> 22/p−2p then there
exist α and β with |α|p+|β|p = 1 and |α| = |β| such that P(α,β)= P(β,α)= 1.
Furthermore, these (and their negatives) are the only points of norm attainment
for P . If z1 = (α,β) and z2 = (β,α) then u = λz21 + µz22 with the positive
numbers λ and µ satisfying λ + µ = 1. Conversely, if u has this form and
Q(x)= ax21 +2bx1x2+cx22 is a norming functional, then Q(α,β)=Q(β,α)= 1
which gives (a − c)(α2 − β2) = 0, hence a = c. Since Q(α,β) = 1 determines
uniquely a and b, the polynomial Q is uniquely determined, hence u is smooth.
Proposition 4.2. Let 1 < p < 2. A tensor u is a smooth point of the unit ball of
2p⊗π,s 2p if and only if there exist positive numbers λ and µ, with λ+µ= 1 and
α,β with |α|p + |β|p = 1, such that u has one of the following two expressions:
(i) u= λy21 −µy22 , where y1 = (α,β) and y2 = (−β,α);
(ii) u=±(λz21 +µz22), where z1 = (α,β) and z2 = (β,α).
The norm attaining properties of extreme 2-homogeneous polynomials on 2p
with p > 2 will help us prove a somewhat surprising result which provides further
examples of extreme points of BP(2p).
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Proposition 4.3. Let p > 2. An extreme 2-homogeneous polynomial on 2p
remains extreme in the unit ball of P(2p) when regarded as a 2-homogeneous
polynomial on p .
Proof. If P(x) = ax21 + cx22 with ac  0 and |a|p/(p−2) + |c|p/(p−2) = 1 then
P is also an extreme 2-homogeneous polynomial on p . The other possibility
is that P(x) = a(x21 − x22) + 22/pbx1x2 with a and b having one of the forms
in Proposition 2.4. Then there exist x0 and y0 in B2p such that P(x0) = 1 and
P(y0)=−1.
Suppose P = (P1 + P2)/2 in P(2p) with ||Pk‖  1 for k = 1,2. We have
Pk(x0) = 1 and Pk(y0) = −1. Say Ak are the symmetric bilinear forms asso-
ciated with Pk . Let z be a norm one element in span{e3, e4, . . .}. Evaluating
Pk(±nx0 + z), for n large enough we have
±2nAk(x0, z)+ Pk(z) ‖nx0 + z‖2 − n2
= (np‖x0‖p + ‖z‖p)2/p − n2 =−n2(np + 1)2/p.
Letting n tend to infinity, we obtain Ak(x0, z)= 0 and Pk(z) 0. Likewise, eval-
uating P(±ny0+z), we obtain Ak(y0, z)= 0 and Pk(z) 0. ThusPk must vanish
on span{e3, e4, . . .} and, since {x0, y0} is an algebraic basis for span{e1, e2}, also
Ak(e1, z)= Ak(e2, z)= 0 for all z ∈ span{e3, e4, . . .}.
Therefore, for every x = x1e1 + x2e2 + z in p , we have
Pk(x)= Pk(x1e1 + x2e2)+ 2x1Ak(e1, z)+ 2x2Ak(e2, z)+Pk(z)
= Pk(x1e1 + x2e2)= P(x1e1 + x2e2)
since P is extreme on span{e1, e2}. All these show that P1 = P2 = P on p and
thus P is extreme on p . ✷
Remark 4.4. This is another major difference from the Hilbert space case (p = 2),
where no extreme polynomial in 22 remains extreme when extended to a higher-
dimensional Hilbert space. For 1  p < 2 the result is not true either. To prove
this we need the following simple fact:
Lemma 4.5. Let 1 p < 2. Let I, J be a partition of the set of natural numbers so
that every x in p can be written as x = x1 + x2 with x1 ∈ p(I) and x2 ∈ p(J ).
If P1 and P2 are 2-homogeneous polynomials of unit norm on p(I) and p(J ),
respectively, then P(x)= P1(x1)+ P2(x2) is a polynomial of unit norm on p.
Proof. For every unit vector x in p we have |P(x)|  |P1(x1)| + |P2(x2)| 
‖x1‖2 + ‖x2‖2  ‖x1‖p + ‖x2‖p = ‖x‖p = 1, hence ‖P‖ = 1. ✷
It is clear now that if P is an extreme point of the unit ball of P(22p) then
P±(x)= P(x1e1 + x2e2)± x23 are polynomials of norm one on p and P is the
282 B.C. Grecu / J. Math. Anal. Appl. 273 (2002) 262–282
midpoint of P+ and P−, which shows that P does not remain extreme when
extended by zero to the whole of p .
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